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ABSTRACT
I n  t h i s  p a p e r  i t  i s  show n t h a t  t h e  a n a l y t i c  c o n t i n u a t i o n  o f  t h e  
q u a s i - e l a s t i c  s c a t t e r i n g  a m p l i t u d e  i n t o  t h e  d i f f e r e n t  c h a n n e l s  can  l e a d  
t o  n e g a t i v e  e n e r g y  t i m e - l i k e  s t a t e s .  I t s  a d v a n t a g e s  and d i f f i c u l t i e s  
a r e  d i s c u s s e d .
РЕЗЮМЕ
В статье показывается, что аналитическое продолжение амплитуды 
квази-эластичного рассеяния в различные каналы может привести к времени- 
-подобному состоянию с отрицательной энергией. Рассматриваются преиму­
щества и недостатки этого явления.
KIVONAT
A c i k k b e n  m e g m u ta t ju k ,  h o g y  a  k v á z i - e l a s z t i k u s  s z ó r á s i  a m p l i t ú d ó  
a n a l i t i k u s  f o l y t a t á s a  k ü lö n b ö z ő  c s a t o r n á k b a  n e g a t i v  e n e r g i á j ú ,  i d ő s z e r ű  
á l l a p o t o k h o z  v e z e t h e t .  E n n e k  e l ő n y e i t  é s  h á t r á n y a i t  d i s z k u t á l j u k .
1 .  INTRODUCTION
The c r o s s i n g  p r i n c i p l e  i s  one  o f  t h e  b a s i c  a s s u m p t i o n  o f  a n a l y ­
t i c  t h e o r i e s ,  a n d  t h e  b e h a v i o u r  o f  a  t w o - p a r t i c l e  s c a t t e r i n g  a m p l i t u d e
1 2u n d e r  c r o s s i n g  was e x a m in e d  i n  d e t a i l  * . I n  t h e s e  e x a m i n a t i o n s  t h e r e  a p ­
p e a r e d  n e g a t i v e  t i m e - l i k e  s t a t e s ,  b u t  t h e i r  e x t e n s i v e  u s e  i s  c o n n e c t e d  
w i t h  t h e  i n t r o d u c t i o n  o f  " c r o s s e d  c h a n n e l  e x p a n s i o n s "  o f  t h e  s c a t t e r i n g  
a m p l i t u d e  . I n  a n  e a r l i e r  p a p e r  i t  was show n  t h a t  t h e  a n a l y t i c  c o n t i n ­
u a t i o n  o f  a  q u a s i e l a s t i c  s c a t t e r i n g  a m p l i t u d e  c a n  l e a d  t o  n e g a t i v e  t i m e ­
l i k e  o n e - p a r t i c l e  s t a t e s .  T h a t  e x a m i n a t i o n  was r e s t r i c t e d  o n l y  t o  one 
c r o s s e d  c h a n n e l .  H e re  we e x t e n d  i t  f o r  a l l  p o s s i b i l i t i e s ,  c o r r e c t i n g  a s  
w e l l  a  s m a l l e r  m i s t a k e .
A f t e r  s u m m a r iz in g  i n  s e c t . 2 .  t h e  k i n e m a t i c s  we u s e ,  we e x a m in e  
t h e  c r o s s i n g  p r o p e r t i e s  i n  s e c t . 3 .  The r e s u l t s  a n d  some o f  t h e i r  c o n s e ­
q u e n c e s  a r e  d i s c u s s e d  i n  s e c t . 4 .
2 .  ONE- AND TWO-PARTICLE STATES
A o n e - p a r t i c l e  s t a t e  | p  ,s ,X >  i s  d e f i n e d  a s  t h e  e i g e n v e c t o r
o f  t h e  o p e r a t o r s
p y I P y ' s ' X >  =  P y l P y ' s ' X >  '* V P y ' s ' l x >  "  P y  ® ( s + l )  l P y , s , A >
w0lpy*s»x> = 1е1Мру»8,а> 
W 3 | m , 0 , s f X >  =  m X | m , 0 , s , X >
if  P± * О
if  = О
/ 2 . 1 /
w i t h  e i g e n v a l u e s  s p e c i f i c e d  a b o v e .  A "m oving  s t a t e "  i s  c r e a t e d  by  a  p u r e  
b o o s t  f ro m  a  " r e s t  s t a t e " *
-i-fM3 -i^ M_ -icxN,
| p , s , A >  =  e  e  e  J | m , 0 , s , A > / 2 . 2 /
t-  2
w h e re  a>0 , osD'^iT < 0 <^<2тг 5 a n d  a r e  t h e  g e n e r a t o r s  o f  t h e  L o r e n t z
g r o u p .  E q . / 2 . 2 . /  c a n  h e  c o n s i d e r e d  a s  t h e  d e f i n i t i o n  o f  o u r  p h a s e  c o n v e n t i o n .  
A t w o - p a r t i c l e  s t a t e  | p 1 , s 1 ,X1 ; p 2 , s 2 ,X2> i s  d e f i n e d  a s  a n  e le m e n t  o f  a  
d i r e c t  p r o d u c t  s p a c e :
о o
| P l ' s l »  & 2 , S 2 ' ^ 2 > = P^1 ' S1 ' ^ 1 > ® Ip 2 , S 2 ' ^ 2 > / 2 . 3 /
s 2
t h e  ( - l )  p h a s e  f a c t o r  b e f o r e  t h e  s e c o n d  p a r t i c l e  i s  a  m a t t e r  o f  c o n v e n t i o n .  
I f  t h e  c e n t e r  o f  mass o f  t h e  two p a r t i c l e s  i s  a t  r e s t ,  we may w r i t e
- i f M '  - i a . N '
lpl ' Sl ' X l ; P2 »s 2 ,X2>cm = e e e |m1 , 0 , s 1 ,X1>
( - 1 ) * e
s -  -1(*+тт)М" - i ( i r - ^ )M "  - ia _ N "2 3 I m2 fO,  s 2 1X2 / 2 . 4 /
The p r im e d  o p e r a t o r s  a c t  o n to  p a r t i c l e  1 ,  t h e  d o u b l e - p r i m e d  o n to  p a r t i c l e  
2} t h e  p r im e d  a n d  d o u b le  p r im e d  o p e r a t o r s  com m ute .  We may r e a r r a n g e  t h e  
o r d e r  o f  t h e  o p e r a t o r s  a s  f o l l o w s :
" cm = e
- Н ( м '+ м ^ )  - i c t j N ' + i c x ^  - íttM" - íttM|J
\  2
•  I * ^ 2. ® 2, f  ®  ( “" 1 /  I m 2 r  s 2 ^ 2 >
.  e - l ',M3 e - i,>M2 е - 1“! Ы5+1“ 2»5 . - ‘ « 2  ы ) °2
/ 2 . 5 /
D e n o t in g  t h e  t o t a l  fou r-m om en tum  o f  t h e  t w o - p a r t i c l e  s t a t e  a s  ( / s ’, о  )  
p r o v i d e d  a = ( p 1+p2) 2 >o, t h e  u s u a l  k i n e m a t i c s  g i v e s
2 2 s+m.-m2
ch “l  = T 7ST m. sh  =
s -  Ц - д ^  2]  [ s -  (m1-nn2 ) 2]
2 Vsm,
/ 2 . 6 /
a 2 = a l f 1 «-•> 2
- з -
Here a l f a 2>0 , a n d  f o r  t h e  <ke o f  d e f i n i t e n e s s  we s u p p o s e  т^> Ш2 i n  t h e  
s e q u e l .  I f  we i n t r o d u c e  t h e  n o t a t i o n s
8  = ( a x + a2) 1 2 9 a = ( ai  -  a 2 ) l 2
N' ± N5  = N3 / 2 . 7 /
we may w r i t e
CM
- i ^ 3  - 11Ц  _ i a N 3 “ ißN3
e e  e e J m2 , 0 , s 2 , - A 2 > / 2 . 8 /
The + ty p e  t r a n s f o r m a t i o n s  g e n e r a t e  t h e  movement o f  t h e  c e n t e r  o f  mass , 
a c c o r d i n g l y  t h e y  do  n o t  a l t e r  t h e  v a l u e  o f  a ;  t h e  -  t y p e  one g i v e s  v e l o c i t y  
of e q u a l  m a g n i tu d e  b u t  o f  o p p o s i t e  d i r e c t i o n  t o  t h e  two p a r t i c l e s .  E q s . 
/ 2 . 6 /  a n d  / 2 . 7 /  y i e l d
e =
/  T  /  2 'M /s -u  -  u / s -M
2 /siül m2
/2*9/
i . e .  a< o  8>0 ; a n d  p=m^-m2 » Ifcm-^+n^.
A s c a t t e r i n g  a m p l i t u d e  o f  p o s i t i v e  e n e r g y  p a r t i c l e s  i n  t h e  CMS now c a n  
have  t h e  fo rm : f ( s , t )  =
~ <P 3 , S 3 ' ^ 3 ' P4 * s 4 • ^4 I т I ' P 2 ' s 2 ' ^ 2 > =
18 'N~ i a 'N *  -i^M*
= <1113, 0 , s  3 / A3 ; t О , s ^ , -  A^  j e  e т е  .
-iotN* —Í 8N3
• e  J e  m2 , 0 , s 2 ,-A 2> / 2 . 10 /
w here  a = ( p 1+p2 ) 2 , t =  ( p j - p ^ ) 2 , и= (р .[-р4 ) 2 ,
-  4 -
s ( t - u )  -  1w - m2 ) ( rn3~m4 1^
{ '
( s - ( i V m 2) 2)  ^s -  (m^ +m.2 2) ( s - ( m 3-m4 ) 2 > i s ~ 0 V m4 )2J j
уТ 2~
i s  t h e  s c a t  b e r i n g  a n g le  i n  t h e  s - c h a n n e l s  CMS. I n  t h e  s e q u e l  we r e s t r i c t  
o u r s e l v e a  t o  m2 =n4  Pr o c e 3 s e a *
3 .  THE CROSSING
As u s u a l ,  we s u p p o s e  t h e  s c a t t e r i n g  a m p l i t u d e  t o  be r e a l  a n a l y t i c
2 2\f u n c t i o n  o f  two c o m p le x  v a r i a b l e s }  s , t ,  u = s - t + 2 ^  +1П2 )• The p h y s i c a l  do­
m ain s  o f  t h i s  a m p l i t u d e  on t h e  M andels tam  p l a n e  a r e  show n i n  F i g . l .  The 
b o u n d a r y  o f  t h e  dom ains  a r e  t h e  |c o s i ^ |= l  l i n e s .  The p h y s i c a l  a m p l i t u d e  i n  
t h e  a p p r o p r i a t e  r e g i o n s  i s  d e f i n e d  as
l im  f ( s + i e ,  t - i ő )  = f s ( s , t )
e,<5->-o
/ v i - , / 3 . 1 /
l im  f ( s - i e ,  t + i ö )  = f T' ( s , t )
e,6-*-o
w here  e>0, 0>0
l im  f ( s - i £ ,  t - i ö )  = f ^ ( s , t )
e , 6-*-o
We w o u ld  l i k e  t o  c o n t i n u e  a n a l y t i c a l l y  t h e  a m p l i t u d e  f ro m  t h e  a c h a n n e l  
t o  t h e  t  an d  u c h a n n e l s .  H e n c e ,  com ing f r o m  s + i e ,  t - i ó  , we h a v e  t o  c r o s s  
som ew here  t h e  r e a l  s - t  p l a n e .  T h i s  p o i n t  i s  c h o s e n 1 i n s i d e  t h e  r e g i o n  t >  о 
a n d  coslT> - 1  / e . g .  t h e  p o i n t  c  i n  F i g . l .  i s  g o o d / .  We c h o o se  t h e  way A + E ’ 
o r  A -*• E" d e p e n d in g  on  w h e t h e r  we a r e  g o in g  t o  t h e  u o r  t o  t h e  t  c h a n n e l .  
The p a t h  i n  t h e  s a n d  t  p l a n e  a r e  shown i n  P i g s . 2 .
How do t h e  v a r i a b l e s  a , ß ,  b e h a v e  d u r i n g  t h e  c o n t i n u a t i o n ?  To s e e  i t ,  i t  
i s  b e t t e r  t o  e x a m in e  t h e  b e h a v i o u r  o f  some f r e q u e n t l y  a p p e a r i n g  f a c t o r s .  
The r e s u l t ,  w h ic h  c a n  b e  r e a d  o f f  from  P i g s . 2 .  a r e  s u m m a riz e d  i n  T a b le  1 .  
F o r  c o n v e n ie n c e  we draw  t h e  p a t h  on t h e  M y ^ - s u  p l a n e  as  w e l l  i n  F i g s . 3 .
о
-  5 -
T a b le  1 .
s -ch an n el u-channel t -ch a n n e l
/ \ s - u 2\ - i i / j s - p 2  1 - i / |  s -p 2  1
►'S-M2 J\ s-M2  1 i / f  s-M2  1 i / j s - M 2 !
/ Г / | s  1
/ Ы  i f  s > 0
. - i / | s T  i f  s < 0
- i / M
/ Т / М 4 t i i / ü í
Á 2 p2  - su *4 м2 р2  -  su | / « 2  2  1 /  M u -  s u 1 i/^M2 p2  -  su |
A c c o r d i n g l y ,  t h e  d o m a in s  o f  t h e  v a r i a b l e s  i n  q u e s t i o n  a r e  a s  f o l l o w s »  
f o r  a ( c . f  . e q . 2 . 9 a )  In  < a < О i n  t h e  s c h a n n e l
a  = o t - i i r /2 ,  О < a  < 00 p > s > О
a = In ^ p / l 2 - s '  + м / Л Г )  -  l n / s  (м2 - р 2]
/ 3 . 2 /
f o r 6 ( c . f  .e q .2 .9 b ') V 
со. v 1 
О 00 чin  th e a ch a n n el
ß = ß+iir/2 О > ß 2> — °° у > s / 3 .3 /
£ = 1п( Á^-s -  / ( |2-S ) -  ln Á 2-\i2
fo r ( c . f , e q . 2 . 1 0 ) ,t=VЪVО f in  the s ch a n n el
l  " " u " i f  s> 0
я п> II о 0>Jmi£> -» ft »» у ff i f  s< 0
RelT=ir ff tf ft
B ecause o f th e  s in g u la r i t y  in  a a t s = o ,  we r e s t r i c t e d  / 3 * 2 /  fo r  s > o ,  c . f  
b elo w .
That form o f th e  s c a t t e r in g  a m p litu d e , what i s  g iv e n  by e q . / 2 . 1 0 / ,  i s  
v a l i d  only f o r  s  > . In  th e  r e g io n  y 2>s>0 i t  can  be w r i t t e n  as f ( s , t )  =
fО f s 3 1»Л2 7 ^ 2 f —r ^ 4 , " ^ 4
i ( i i ) ( N 3 - N 3 )  iBN3 i a N 3 
e е е
. т - 1 * 4  - i “N3 - igN 3 - 1 ( ¥ ) ( 1,з - мз ) ,e e e e Im^OjS^ V
/ 3 . 5 /
^2  rQr ®2
We may w r ite  fu r th e r
e x p ^ - i( i |- ) (N 3-N3)j = exp ^ -i ( - íttN ^  / 3 . 6 /
th e  op era to r  exp ^ -i(-iirN ^ " )) a c ts  on ly  onto th e  secon d  p a r t i c l e ;  i t  
changes th e  s ig n  o f th e  energy and o f  th e  h e l i c i t y .  Out o f  th e se  th e  
f i r s t  i s  a lm ost t r i v i a l ,  th e  secon d  can be shown as f o l lo w s :  th e -A 2 
v a lu e  in  th e  r e s t  frame i s  measured by / с , t . e q .2 .1 / .  As [N*, W ]^ 
| p 0 , 0 , s ,  A> = -  iff0 |Po »0,s,A>> =o ,  i . e .  th e  e ig e n v a lu e  o f W ,^ what 
i s  p QA , must be th e  sam e. S in ce  th e  s ig n  o f  p Q ch an ges, s o  does th e  
s ig n  o f A .
Hence
- i ( - i i r N " )  ( s 2~*2
e ) f 0 f s  ^ , Л ? 1^ 2 r—r ®2 9 ” ^2 ^ I f  9 s  j 9 ^1 ' “Го2 9 Q r ^2 9 ^ 2^
/ 3 . 7 /
where q i s  some p h a s e  f a c t o r .  L e t  ua a l l o w  t o  a c t  
exp ( - i ß  Nj—) a s  w e l l :
e x p ( - i ß N 3 ) |m1 , 0 , s 1 , Лд^ ; -m2 , 0 , s 2 , X 2> =
= ( - l )  2 2 |m^( c h ß , 0 , 0 , - s h ß ) ,  s ^ , A^; -m2 ( c h ß , 0 , 0 , s h ß ) ,  s 2 , -A 2> / 3 . 8 /
s 2~^2 *“ M
“ ' ( “ ! /  ^ l , s l ' ^ l '  P2 , s 2 , - ^2 >
where we u s e d  t h e  i d e n t i t y
exp ( - i ß  N~ ) = • e x p  ( - i ß  ) ex p  (  iir MJJ ) ex p  ( - i  ß ) ex p  (  - i ir  )  / 3 . 9 /  
S u m m a r iz in g  t h e s e  r e s u l t s :
f ( s , t )  = n n ' <P1 » s 3 ,A 3 ; p 2 , s 4 , - A 4 | t .
!Pi , S;l ,A i ; P2 »s 2 '~ ^ 2> / 3 . 1 0 /
= pp* < P l ' s 3 '  ^ 3 ' ^ 2 ' s 4 ' - ^4 - ^ ^ (a»^)  i ' f*2 , s 2 ' _ ^2>
w here  t h e  e x p ( i a N ^ )  f a c t o r s  o f  e q . / 3 «5 /  w e r e  p u t  i n  t h e  e x p o n e n t  o f  
exp ( - i ' t f ’ML,).
As i t  i s  d i s c u s s e d  e l s e w h e r e f  t f /  / s  b e h a v e s  r e g u l a r l y  a t  s = o ,  h e n c e  
e q . / 3 « 1 0 /  c a n  be  c o n t i n u e d  t o  t h e  n o n - p o s i t i v e  в - r e g i o n .  I t  c a n  h e  
c h e c k e d  e . g .  i n  t h e  4x4  r e p r e s e n t a t i o n  t h a t  G ( l ^ s )  o f  e q . / З . Ю /  l e a v e s  
i n v a r i a n t  t h e  t o t a l  fou r-m om entum  o f  t h e  t w o - p a r t i c l e  s t a t e s ,  i . e .  i t  i s  
a  l i t t l e - g r o u p  e l e m e n t .
I n  t h e  t  a n d  u c h a n n e l  ^  d i f f e r s  f rom  Re .  To f o r b i d  com plex  p a r a ­
m e t e r s ,  w hat w o u ld  mean some k i n d  o f  c o m p l e x i f i c a t i o n  o f  t h e  l i t t l e - g r o u p ,  
we s e p a r a t e  i t  w r i t i n g
G(s, Re'l?'+ iJm )^ = G(s, Re^ ) g(s , i Jm^ )
a n d  we c a s t  g (s , Re^) o n t o  t h e  t w o - p a r t i c l e  s t a t e  i n  t h e  r i g h t  / o r  i n  
t h e  l e f t / .  S i n c e
( м / Л ? / / | 7 Г ) 2 -  -  m2- u2 / 3 . 1 1 а /
we may i n t r o d u c e
chy = m/ \ x2- s I / \ s  \ (м2- ц 2|  sh y  = uv^d2- s / / f s  I (м2- у 2) / З . И Ь /
T hen
G^s, RelJ4)  = exp  jj-iir ^ ic h  у + i  sh  у N^)J =
= e x p ( iy N j)  exp (iirN^)') exp^ -iyN *) /3 .1 2 /
The e f f e c t  o f  ex p  ( - i  (  + i  it N^)) c a n  b e  a n a l y z e d  s i m i l a r l y ,  a s  we d i d  f o r  
exp  ( - i  ( - i i r K ^ ) ) .  T h is  now c h a n g es  t h e  s i g n  o f  t h e  e n e rg y  o f  b o t h  p a r ­
t i c l e s ,  l e a v i n g  t h e  h e l i c i t i e s  u n c h a n g e d .  The b o o s t s  i n  e q . / 3 . 1 2 /  c h a n g e  
' t h e  momenta o f  t h e  i n d i v i d u a l  p a r t i c l e s ,  w h e r e a s  t h e  t o t a l  fou r-m om en tum  
r e m a in s  i n v a r i a n t .
4 .  CONCLUSION
I n  t h e  f o u n d a t i o n  o f  t h e  d i f f e r e n t  t h e o r i e s  t h e  s p a c e  o f  t h e  
p a r t i c l e  s t a t e s  c o n t a i n s  g e n e r a l l y  o n l y  p h y s i c a l  s t a t e s ,  i . e .  s t a t e s  o f  
p o s i t i v e  e n e r g y .  A c c o r d i n g l y ,  t h e  s c a t t e r i n g  a m p l i t u d e  o f  a  1+2-*- 3+4 p r o c  
e s s  i n  t h e  d i f f e r e n t  c h a n n e l s  i s  d e s c r i b e d  by  m a t r i x  e l e m e n t s
f s = < 3 ,4  11 , 2  > , f b= < 2 ,4  I 1 ,3>  , f U= < 2 ,3  11»4> w here  Po i > o ,  i = l , 2 , 3 , 4
T h e s e  f u n c t i o n s ,  f s , f  ^ , f u a r e  c o n n e c t e d  w i t h  e a c h  o t h e r  b y  a n a l y t i c  
c o n t i n u a t i o n .
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I n  t h e  c o n s i d e r a t i o n s  a b o v e  we I n t r o d u c e d  -  a t  l e a s t  f o r m a l l y  -  s t a t e s  
o f  n e g a t i v e  e n e r g y ;  and we showed t h a t  t h e  p r o c e s s  o f  a n a l y t i c  c o n t i n u a ­
t i o n  makes th e m  p l a u s i b l e .  I n  t h i s  a p p r o a c h  t h e  t  a n d  u c h a n n e l  a m p l i ­
t u d e s  r e a d  a s  f u = < 3 » -4  | 1 , - 2 > , f ^ =  < -3 ,+ 4  | + 1 , - 2  > , l . e .  I n s t e a d  o f
w r i t i n g  e . g .  |1>we u se  < - l |  . /T h e  m in u s  s i g n  r e f e r s  o n l y  t o  t h e  s i g n  o f  
t h e  e n e r g y . /  i n  o t h e r  w o rd s  t h e  < - l |  " s p a c e "  seem s t o  be  t h e  d u a l  one t o  
t h e  " s p a c e "  | 1> .
The e x t e n s i o n  o f  t h i s  k i n d  o f  t h e  p h y s i c a l  s p a c e  show s some n i c e  p r o p ­
e r t i e s .  We w e re  a b l e  t o  w r i t e  th e  a m p l i t u d e  a s  < p ^ ,p ^  |TG | p ^ , p £ > » w here  
G was a lw ay s  a  l i t t l e  g r o u p  e le m e n t  o f  р^+р£ and  t h e  g ro u p  s t r u c t u r e  
c h a n g e d  c o n t i n u o u s l y  a l o n g  w i t h  ( P i +P2 ) 2 • I t s  m e r i t  i s  e x p l o i t e d  e l s e ­
w h e r e ^ .  An o t h e r  a d v a n t a g e -  i s  t h a t  t h e  p r o c e s s  show s some k i n d  o f  " m in im a l  
c o r a p l e x i f i c a t i o n "  o f  t h e  P o i n c a r é  g r o u p ,  b u t  we do n o t  w ant t n  go i n t o  i t s  
d e t a i l s .
H o w e v e r , th e  e x t e n s i o n  o f  t h e  s p a c e  r a i s e s  some q u e s t i o n s  w h a t  we can  n o t  
a n s w e r  y e t ;  e . g .  how t h e  c o m p le te  s y s t e m  lo o k s  l i k e ,  how t h e  e x t e n s i o n  
o f  some o p e r a t o r s  s h o u ld  b e  d e f i n e d ,  e t c .  We t h i n k ,  a  p o s s i b l e  a p p r o a c h  
t o  g e t  a n s w e rs  i s  t o  e x a m in e  th e  r e p r e s e n t a t i o n s  o f  t h e  c o m p l e x i f i e d  
P o i n c a r é  g r o u p .
A cknow ledgem ent
I t  i s  a p l e a s u r e  t o  t h a n k  D r .  K. T6t h  f o r  many u s e f u l  d i s c u s s i o n s
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